Abstract. Let λ be a real number with −π/2 < λ < π/2. In order to study λ-spirallike functions, it is natural to measure the angle according to λ-spirals. Thus we are led to the notion of λ-argument. This fits well the classical correspondence between λ-spirallike functions and starlike functions. Using this idea, we extend deep results of Pommerenke and Sheil-Small on starlike functions to spirallike functions. As an application, we solved a problem given by Hansen in [6] .
Introduction
A domain Ω with 0 ∈ Ω in the complex plane C is called starlike with respect to 0 if the line segment [0, w] joining 0 and w is contained in Ω whenever w ∈ Ω. Note that a starlike domain is simply connected. An analytic function f on the unit disk D = {z ∈ C : |z| < 1} with f (0) = 0 is called starlike if f maps D univalently onto a starlike domain with respect to 0. It is well known that starlikeness is characterized by the condition Re (zf ′ (z)/f (z)) > 0, |z| < 1.
Starlike functions have been studied by many authors. See, for instance, Duren [3] and Goodman [5] and references therein. The notion of starlike domains and starlike functions can be extended by using logarithmic spirals instead of line segments. Let λ be a real number between −π/2 and π/2. The curve γ λ : t → exp(te iλ ), t ∈ R, and their rotations e iθ γ λ , θ ∈ R, are called λ-spirals. These curves γ(t) are characterized (up to parametrization) by the property that the oriented angle from γ(t) to the tangent vector γ ′ (t), which is called the radial angle, is constantly λ; in other words, arg (γ ′ (t)/γ(t)) = λ.
Also, note that this curve family is invariant under the dilation z → cz for c ∈ C \ {0}. 
For the proof and a geometric interpretation of this condition, the reader should consult §2.7 of Duren's book [3] . We remark that many authors adopt the condition with iλ instead of −iλ in (1.1) as the definition of λ-spirallike functions (for inctance, see [5, §9.3 
]).
Without much loss of generality, we may focus on analytic functions f on D with f (0) = 0, f ′ (0) = 1 in the sequel, and we denote by A the set of such normalized functions. Let S stand for the set of univalent functions in A . We further denote by F λ the subclass of A consisting of functions satisfying (1.1) for −π/2 < λ < π/2. In particular, F 0 coincides with the class S * of starlike functions in A . A function in the union F = |λ|<π/2 F λ is simply called spirallike. Note that F ⊂ S . It is not necessarily easy to deal with spirallike functions in spite of its simple form of the characterizing condition in (1.1). For instance, F λ is not contained in the class of close-to-convex functions for λ = 0 (see [3, §2.7] ). Therefore, a relatively small number of papers have been devoted to the study of spirallike functions so far.
For starlike functions f, it is fundamental to consider the radial limit of the argument (see [8] for instance):
arg f (e it ) = lim
However, it is not appropriate to consider the same quantity for spirallike functions because the limit might not exist. It is more natural to measure the angle by using logarithmic spirals.
In the present paper, we propose the notion of λ-argument (cf. [13] ), denoted by arg λ . We set θ = arg λ w if w ∈ e iθ γ λ (R).
Note that arg 0 w = arg w. Note also that we have a freedom for the choice of arg λ w up to an integer multiple of 2π as in the case of arg w. Elimination of this ambiguity for certain cases and further properties of λ-argument will be discussed in Section 2. By means of λ-argument, we can state one of our main results as the following form, which is a straightforward generalization of [10, Theorem 3 .18] on starlike functions (originally due to Pommerenke [8] , [9] and Sheil-Small [11] ).
exist for every t ∈ R in such a way that β(t) is non-decreasing in t and β(t + 2π) = β(t) + 2π. Moreover, f is represented by
Conversely, if β(t) is a non-decreasing real-valued function in t ∈ R with β(t + 2π) = β(t) + 2π, then the function f given by (1.2) is λ-spirallike.
We remark that the representation formula (1.2) itself is not new (cf. formula (14) in MacGregor [7] ) and indeed it immediately follows from the Herglotz formula. We emphasize that we now have a geometric interpretation of the measure dβ(t) in the representation formula.
Let f ∈ S . For R > 0, we denote by α(R, f ) the length of the largest arc contained in the set {ζ ∈ ∂D : Rζ ∈ f (D)}. By definition, we have 0 ≤ α(R, f ) ≤ 2π for R > 0. Obviously, α(R, f ) is non-increasing in R for a spirallike function f. Therefore, the limit
Hansen [6] showed that
and, as an application of this result, that
We will show the following refinement. Note that Pommerenke [8] proved it for starlike functions (see the proof of Theorem 1.2 for details).
He suspected in [6] that
We will show that this is not true in general.
Preliminaries
We first summarize basic properties of the λ-argument. The following elementary lemma is convenient in various computations.
Lemma 2.1. For λ ∈ (−π/2, π/2), θ ∈ R and w ∈ C \ {0},
Proof. Let θ = arg λ w. Then, by definition, w = e iθ γ λ (t) = exp(iθ + te iλ ) for some t ∈ R. This is equivalent to the relation log w = iθ + te iλ (mod 2πi). Taking the real and imaginary part, we have log |w| = t cos λ and arg w = θ + t sin λ (mod 2π). We now eliminate t from these two relations to obtain the required one. We can trace back the above procedure to check the converse.
With the help of the last lemma, we can easily check the following analog to a familiar law for the ordinary argument.
Lemma 2.2. For nonzero complex numbers w 1 , w 2 and λ ∈ (−π/2, π/2),
Also, by Lemma 2.1, we have a canonical way to take a harmonic branch of arg λ h for a non-vanishing analytic function h. 
Proof. Since h is non-vanishing on the simply connected domain D, we can take a harmonic branch v of arg h on D so that v(0) = 0. Then the harmonic function u = v−(tan λ) log |h| satisfies the required conditions.
In what follows, unless otherwise stated, we will take the above u as a branch of arg λ h for a non-vanishing analytic function h on D with h(0) = 1. The same applies to the ordinary argument. For instance, we can take f (z)/z as h(z) for f ∈ S . When f is starlike, the following deep properties were proved by Pommerenke [8] and Sheil-Small [11] (see also [10, §3.6 
]).
Theorem A. Let g ∈ S * . Then the limits
exist for every t ∈ R, and β(t, g) = U(t) + t is a non-decreasing function in t with β(t+2π, g) = β(t, g)+2π. Moreover, the left and right limits of β(t, g) satisfy the following relation:
For t 0 ∈ R and θ ∈ (0, 2π], the relation β(t 0 +, g) − β(t 0 −, g) = θ holds if and only if the image domain g(D) contains a maximal sector of the form {w : | arg w − β(t 0 , g)| < θ/2}.
We denote by B(g) the maximal jump of β(t, g) for g ∈ S * . In other words,
Then, as an immediate consequence of Theorem A, we have the relation
As for the quantity B(g), Pommerenke [8] found a connection with the growth of a starlike function g.
Theorem B (Pommerenke [8] ). Let g ∈ S * . Then
3. Spirallike counterpart
In this section, we extend the results of Pommerenke and Sheil-Small in the previous section to spirallike functions. Our main tools will be the λ-argument and a useful correspondence between λ-spirallike functions and starlike functions.
Let f ∈ F λ . Then, by (1.1), we find an analytic function p on D with Re p > 0 and p(0) = 1 such that
Define g ∈ S * by the relation zg
Integrating the above relation, we arrive at the following well-known fact (cf. [1] ).
Lemma 3.1. Let λ ∈ (−π/2, π/2). There corresponds to f ∈ F λ a unique starlike function g ∈ S * in such a way that
This relation serves as a key to reduce a problem concerned with spirallike functions to one with starlike functions. Note here, however, that the relation (3.1) does not give a transformation of the image domain f (D) onto g(D) because the term z is involved.
To realize the connection, we extend notions for starlike functions to spirallike ones by using the λ-argument. Let λ ∈ (−π/2, π/2). We call the set
a λ-spiral sector of opening α with center angle θ 0 . Here, recall that γ λ (t) = exp(e iλ t). A λ-spiral sector S of opening α is said to be maximal in a domain Ω if S ⊂ Ω and if there are no α ′ > α and θ 0 ∈ R such that S ⊂ S λ (θ 0 , α ′ ) ⊂ Ω. We first extend Theorem A to spirallike functions. Theorem 3.2. Let f ∈ F λ for a λ with −π/2 < λ < π/2. Then the limits
and f (e it ) = lim r→1− f (re it ) ∈ C exist for every t ∈ R, and β λ (t, f ) = U λ (t) + t is a non-decreasing function in t with β λ (t + 2π, f ) = β λ (t, f ) + 2π. Moreover, the left and right limits of β λ (t, f ) satisfy the following relation:
For t 0 ∈ R and θ ∈ (0, 2π], the relation β λ (t 0 +, f ) − β λ (t 0 −, f ) = θ holds if and only if the image domain f (D) contains a maximal λ-spiral sector of the form S λ (β λ (t 0 , f ), θ).
Proof. For f ∈ F λ , we take g ∈ S * as in Lemma 3.1. Then, by taking the imaginary part of the relation
By Lemma 2.1, we now have the useful formula
It now follows from Theorem A that the limits U λ (t) and f (e it ) exist and β λ (t, f ) satisfies the relation
In this way, all the assertions in the theorem but the last can be checked. To show the last assertion, we assume that
and let θ 0 = β λ (t 0 , f ). We first check that S = S λ (θ 0 , θ) is contained in f (D). Suppose, to the contrary, that there is a point w 0 ∈ S \ f (D). Let θ 1 = arg λ w 0 and let w 1 be the other end point of the curve e iθ 1 γ λ (R) ∩ f (D) than 0. Note that w 1 = ∞. Since w 1 is accessible along the curve e iθ 1 γ λ in f (D), there exists a t 1 ∈ R such that f (e it 1 ) = w 1 . By adding an integer multiple of 2π to θ 1 if necessary, we may assume that β λ (t 1 , f ) = θ 1 . Now the inequalities
enforce t 1 = t 0 and thus θ 1 = θ 0 . In this way, we see that S \ f (D) is contained in the λ-spiral e iθ 0 γ λ (R). Since f (D) is simply connected, S \ f (D) must be a closed λ-spiral ray with tip at f (e it 0 ) = ∞. In particular, f (e it ) must be continuous at t = t 0 , which contradicts the assumption θ > 0. Thus, we have shown that
Since there are sequences t − n < t 0 < t + n such that t − n → t 0 , t + n → t 0 and that w The converse can be checked by using the relation in (3.2).
We now prove Theorem 1.1.
Proof of Theorem 1.1. Note that β(t) in the theorem is nothing but β λ (t, f ). The formula
is well known for a starlike function g (cf.
[10, Theorem 3.18]). We now use the relations (3.1) and (3.4) to deduce (1.2). The other assertions follow from Theorem 3.2.
for f ∈ F λ . By Theorem 3.2, we have the relation A(f ) = B λ (f ). On the other hand, by (3.4), we obtain B(g) = B λ (f ) for f and g in Lemma 3.1. We now summarize these formulas and (2.2) as in the following.
Lemma 3.3. Suppose that f ∈ F λ and g ∈ S * are related by (3.1). Then
We are ready to prove Theorem 1.2.
Proof of Theorem 1.2. For a given f ∈ F λ , we take a g ∈ S * as in Lemma 3.1. Then by (3.1) we have
Since | arg (g(z)/z)| ≤ 2 arcsin |z| < π for a starlike function g by a theorem of Goodman [4, Theorem 2], the second term in the right-hand side is bounded. This implies
and therefore, by Theorem B,
In view of Lemma 3.3, we now have the required relation.
Examples
As is noted in Introduction, Hansen [6] 
To give the answer negatively, we construct examples of starlike and spirallike functions. We start with a simple one. The function g 0 below is a standard example (cf. [2, p. 51, Exercise 2]). It seems, however, that attention is not paid to its geometric properties so far.
In what follows, we will mean by ϕ(r) ≍ ψ(r) (r → 1−) that there exist positive constants A, B and r 0 ∈ (0, 1) such that
holds for r 0 ≤ r < 1.
Then g 0 is a starlike function with A(g 0 ) = π and satisfies
Proof. A simple computation gives zg
where
.
By a theorem of Wilken and Feng [12] ,
for z ∈ D. Therefore,
Thus g 0 is starlike. Since arg g 0 (e iθ ) → ±π/2 as θ → 0±, we can easily see that A(g 0 ) = π. The asymptotic behavior of M(r, g 0 ) is obvious by the form of g 0 .
Hansen showed also the following in [6] : Let f (z) = z + ∞ n=2 a n z n be in F λ . Then a n → 0 (n → ∞) when q 0 < 1, and a n = o(n q−1 ) for any q > q 0 when q 0 ≥ 1. He suspected that a n = O(n q 0 −1 ) if q 0 ≥ 1. Since 1 + 1/2 + · · · + 1/n ≍ log n, the above example shows that it does not hold when λ = 0 and q 0 = 1. In order to prove Theorem 1.3, we need to modify the above example. To this end, we prepare some lemmas.
Lemma 4.2.
There exists a number C 0 > 2 such that the following inequalities hold for z ∈ D whenever C ≥ C 0 :
Assume that |z| = 1 and z = 1. Since Re [1/(1 − z)] = 1/2, we can write
By the symmetry, we can assume that 0 < θ < π/2. An elementary computation yields the expression
The assertion
Re p(z) ≥ 1/(2 log(C/2)) is thus equivalent to the inequality
It is easy to see that By the continuity of the function Q(θ), we now conclude that Q(θ) is bounded. Thus we can take a constant C 0 ≥ 2e 2 so that
holds for |z| = 1, z = 1 and C ≥ C 0 . To conclude that
for z ∈ D, by the minimum principle, it is enough to check the condition lim inf
|1 − z| 2 is the Poisson kernel. This can be confirmed by looking at the expression Re p(z) P 0 (z) = |1 − z| log
Here, we use the inequality
To prove the second inequality, we express the function q by
where h(z) = log C/(1 − z). Thus we have shown the second inequality.
Remark. It seems that Q(θ) is monotone decreasing in 0 < θ < π/2. If this is the case, we have sup Q(θ) = 2 and thus we can take 2e 2 = 14.778 . . . as C 0 in the above lemma.
We are now ready to show the following. Thus g is starlike. Since arg g 0 (e iθ ) → ±πα/2
as θ → 0±, we have A(g) = πα. The last assertion is obvious.
We are now in a position to prove Theorem 1.3.
Proof of Theorem 1.3. Let λ and A be as in the theorem and let g be a function given in Lemma 4.3 for α = A/π. We now define a function f by the relation (3.1). Then f ∈ F λ and, by (3. does not hold.
